Abstract. The distribution due to Okorie et al. (2016) is further extended to a wider family of distribution called the Kumaraswamy Generalized Exponentiated Gumbel type-2 distribution. Twenty two distributions are identified as sub-models of the new distribution. Some of its important statistical properties are explicitly derived and the parameters of the new distribution are estimated through the method of maximum likelihood estimation.
Introduction
The Gumbel type-2 distribution is a very useful model in Extreme value theory. The distribution is used for modeling extreme events in the field of Meteorology and Seismology. The distribution could also be applied in Risk management-Operational risk and life testing, for modelling lifetime data-sets with monotonic failure (or hazard) rates. On the contrary, the hazard rate function of so many complex phenomena that are regularly encountered in practice are non-monotone and cannot be modelled by the Gumbel type-2 distribution. To overcome this limitation, Okorie et al. (2016) proposed the Exponentiated Gumbel (EG) type-2 distribution according to version of Gupta et al. (1998) . The cumulative distribution function (cdf ) and probability density function (pdf ) of the EG type-2 distribution is given by 
respectively. Where α, φ, θ > 0 and x > 0, α and φ are the shape parameters while θ is the scale parameter In probability and statistics, the Kumaraswamy's double bounded distribution due to Kumaraswamy (1980) is a continuous probability distributions defined on [0, 1] . It shares several similarity with the Beta distribution. But, the structural simplicity and analytical tractability of the Kumaraswamy distribution makes it a favourable alternative and a competitor of the Beta distribution. The cdf and pdf of the Kumaraswamy distribution is given by In this paper we introduce and study a five-parameter distribution called the Kumaraswamy Generalized Exponentiated Gumbel (KwGEG) type-2 distribution as an expansion of the EG type-2 distribution. The new distribution is in principle according to the work of Cordeiro and de Castro (2011)-Kumaraswamy G (KwG) distributions. The cdf and pdf of the KwG distributions is defined as respectively. Where x is in the range of g(x) and a and b are as defined above, while G(x) and g(x) corresponds to the cdf and pdf of the baseline distribution respectively.
The family of KwG distributions was motivated to model the failure time of a certain series system with b units where each unit has a functional subunits in parallel arrangement. The time to failure of the subunits are independent and identically distributed according to g (x) . This implies that the entire system fails if one out of the b components of the system fails and this can only happen if and only if all the subcomponents of a fails. i.e.;
F (x) = P(X ≤ x) = 1 − P(X 1 > x, . . . , X b > x)
For a fair account of several distributions extended according to the KwG distributions readers are referred to Nadarajah and Rocha (2015) . Let G(x) be the cdf of the EG type-2 distribution in Equation (1). The cdf of the KwGEG type-2 distribution is defined by substituting Equations (1) and (2) into Equations (3) and (4) as
Hence, the KwGEG type-2 density function with five parameters a > 0, b > 0, α > 0, θ > 0, and φ > 0 is given by
If X is a random variable with density in Equation (6), we write X ∼ KwGEG type-2 (a, b, α, θ, φ). The corresponding reliability and hazard functions are
and h(x|a, b, α, θ, φ) = abαθφx −φ−1 e −θx respectively. The plot of the pdf, cdf, reliability and hazard rate function are shown in Figure 1 , 2, 3 and 4, respectively.
The remainder of this paper contains the following sections: Section 2 gives some properties of the new distribution including a list of special cases, Section 3 presents the order statistics, Section 4 discuss some estimation issues and Section 5 is the conclusion.
Properties of the distribution
This section contains some of the properties of the KwGEG type-2 distribution.
Asymptotics and Shapes
When φ = 1 and a > 0, the limiting behaviour of the density and hazard function of the Kw-EG type-2 distribution is readily established as For certain parameter values of a, b, α, θ and φ, the shapes of the density function is affected, as it could either take a unimodal or monotonic decreasing shapes, where symmetry and substantial tail variability is also evident as depicted in Figure 1 . The hazard rate function could be unimodal, bathtub or upside-down bathtub shaped. This attractive shape characteristics suggests that the KwGEG type-2 distribution is suitable for modelling data-sets with non-monotonic hazard rate behaviours which are mostly encountered in practical situations.
Useful expansion of the density and cumulative density function
To motivate analytical derivation of some basic distributional properties of the KwGEG type-2 distribution we present the series representation of its pdf and cdf through the wellknown generalized binomial expansion where (β > 0) ∈ R is a non-integer. If β is an integer then the sum terminate at = β. Thus, for a, b ∈ R (non-integer values) we obtain the pdf as
and the cdf as
If a, and b are integers then the sums in Equation (9) terminate at i = a − 1, j = b − 1 and = aj, while the sums in Equation (10) terminate at i = b and j = ai. α=4.000,θ=1.000,φ=1.000 By inverting Equation (5) we obtain the quantile function as
For selected parameter values a, b, α, θ and φ, the numerical quantile values of the KwGEG type-2 distribution have been computed and listed in Table 2 . When Q = 1/2 the quantile function reduces to the median and the numerical median values of the KwGEG type-2 distribution for some parameter values have been computed and reported in Tables 2 and 3 . It is straightforward to simulate random variables from the KwGEG type-2 distribution by using
An alternative measure of skewness and kurtosis statistics could be obtained through the quantile function for certain fractiles values, as the limitation of the classical measures are well-known. The Bowley skewness due to Bowley (1920) is given by while the Moors kurtosis due to Moors (1986) is given by
The advantage of the Bowley skewness and Moors kurtosis over the classical measures of skewness and kurtosis is that, they can be computed even in situation where the moments of the distribution does not exist and they are not reasonably affected by extreme values.
Sub-models
There is no question about the flexibility of the KwGEG type-2 distribution. The new distribution contains several new and existing sub-distributions. In this section we have identified and listed some of the special cases of the new distribution in Table 1 . 
Moments and generating function
In theory and practice, the moments of a random variable X, say is very useful because, many other characteristics of the distribution depends on it.
Theorem 1. If X is distributed according to the KwGEG type-2 distribution in Equation (6) then, its kth crude moment is given by
Proof. We have Table 1 . Numerical quantiles of the KwGEG type-2 distribution for fixed θ = 2 and φ = 4.5 and selected α, a and b parameter values 
setting y = θx −φ in Equation (12) we have
setting z = e −y in Equation (13) we have θ
where 
is the beta function, while
is the hypergeometric function, and
is the rising Pochhammer symbol. It is easy to evaluate the hypergeometric function in R by using the function hyperg 2F1(a, b, c, x) in the 'gsl' package.
Let E(X k ) = µ k , the variance and coefficient of variation CV are given by
We have presented some numerical values of the variance, standard deviation and coefficient of variation of Kw-EG type-2 distribution for some selected values of the distribution parameters in Table 3 .
Corollary 1. The moment generating function of the KwGEG type-2 distribution is given by 
Rényi entropy
The Rényi entropy measure generalizes the Hartley, Shannon, collision and min entropy. Entropies is very useful in quantifying the diversity, uncertainty, or randomness of a system. The Rényi entropy due to Renyi (1960) is defined as
Theorem 2. If X is distributed according to the KwGEG type-2 distribution in Equation (6) then, its Rényi entropy is given by 
setting y = e −θx −φ in Equation (15) we have
thus, 
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KwGEG type-2 distribution while X 1:n ≤ · · · ≤ X n:n denote the corresponding ascending ordered observations; then, the distribution of the rth order statistics of the KwGEG type-2 distribution with pdf f (x|a, b, α, θ, φ) is obtained as follows
by substituting the cdf and pdf and using the binomial expansion we have
It is easy to calculate the moments and other properties of interest of the order statistics of the KwGEG type-2 distribution from f r:n (x).
Estimation
Let denote the parameters of the pdf in Equation (6) by Θ = (a, b, α, θ, φ) then, the estimation of these five parameters can be obtained by the method of maximum likelihood estimation. Suppose x 1 , x 2 , · · · , x n is a random sample from the KwGEG type-2 then, the Likelihood equation can be expressed as: 
log(x i ) + n log(a) + n log(b) + n log(α) +n log(θ) + n log(φ).
The first-order partial derivatives of Equation (19) with respect to the five parameters are: 
and = 0 for the parameters. But, due to the non-linear form of the equations in the system above, it is impossible to obtain the solutions analytically except by using numerical computations e.g; the Newton-Raphson iteration method. 
Fisher Information
Here we calculate the Fisher information matrix for the KwGEG type-2 distribution. In statistical inference (estimation and hypothesis testing), the Fisher information matrix plays a very vital role. The Fisher information matrix for any observed random sample say x 1 , x 2 , · · · , x n from the KwGEG type-2 distribution is defined as
where the elements of the matrix are listed in the Appendix.
The inverse matrix H −1 (Θ) 5×5 is called the Variance-Covariance matrix from which statistical inference is mainly based.
Simulation study
We assess the performance of the maximum likelihood estimates through a simulation study in R-statistical software with the nlm function in the stats package. The nlm function carries out a minimization of the log-likelihood function using a Newton-type algorithm. 5000 (N ) Monte Carlo simulations was replicated. The following sample sizes n = 25, 50, 75, · · · , 600 were considered and the evaluation of the estimates is based on the empirical bias and mean squared errors of the parameter estimates (Θ) which are calculated by
where Θ = a, b, α, θ, φ. The results are given in Table 4 and Figure 5 . The values in Table 4 indicates that the MLEs of the parameters stabilizes to the actual value 0.5 as n increases, while Figure 5 shows that the Bias and MSE tends to 0 as n becomes large as we expect.
Conclusion
In recent times, statisticians have become more interested in developing more flexible distributions to improve the modeling of survival (or reliability) data and significant success have been recorded in this direction. However, this paper is a contribution to the growing literature of generalized family of probability distributions. We introduce a new five-parameter Kumaraswamy Generalized Exponentiated Gumbel type-2 (KwGEG type-2) distribution as an extension of the Exponentiated Gumbel type-2 distribution due to Okorie et al. (2016) . The distribution could either have a decreasing or unimodal shape while its hazard rate function could be increasing and decreasing, bathtub and upside-down bathtub shaped. The KwGEG type-2 distribution is a more flexible model and contain over twenty sub-distributions. Some of the basic statistical properties of the distribution are derived and expressed in closed forms and their corresponding numerical values are also presented where possible. Moreover, method of maximum likelihood estimation was used to estimate the parameters of the distribution and a simulation study was carried out to investigate the performance of the maximum likelihood method. A sequel article will feature a detailed application of the Kw-G EG type-2 distribution applied to several real life data-sets ranging from climatic, biological to reliability settings and its fitting performance will be compared with thirty related distributions including the special cases with the following methods of parameter estimation: maximum likelihood estimation, moments, L-moments, trimmed L-moments (TL-moments), probability weighted moments (PWM), and the generalized probability weighted moments (GPWM). The paper will further examine the performance of those methods of parameter estimation in estimating the parameters of the new Kw-G EG type-2 distribution through a simulation study. 
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